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Abstract
We answer a question of Drungilas-Dubickas in the affirmative under
the assumption of standard conjectures on smooth numbers in polynomial
sequences. This gives evidence against the “Dubickas Conjecture”, which
Kacˇinskaite˙ and Laurincˇikas proved implies universality results for the
Hurwitz zeta-function with certain algebraic irrational parameters.
Under these standard conjectures we also prove some results that con-
firms observations of Worley relating to a problem of Cassels on the mul-
tiplicative dependence of algebraic numbers shifted by integers.
1 Universality results for the Hurwitz zeta-function
The classical universality result for the Hurwitz zeta-function (see e.g. [15]) says
that
Theorem 1. Let 0 < α < 1/2 or 1/2 < α < 1 be either a transcendental
number or a rational number and let K be some compact set with connected
complement lying in the strip K ⊂ {s ∈ C : 1/2 < Re(s) < 1}, and suppose that
f is any continuous function on K that is analytic in the interior of K. Then
lim inf
T→∞
1
T
meas
{
t ∈ [0, T ] : max
z∈K
|ζ(z + it, α)− f(z)| < ε
}
> 0.
If α = 1 or α = 1/2 it follows from the Voronin universality for the Riemann
zeta-function that the same results are true if f is assumed to be nonvanishing
on K. One of the main open problems in the theory of Universality of L-
functions and zeta-function is to prove the same result also whenever α is an
algebraic irrational
Conjecture 1. Theorem 1 is true for all 0 < α < 1/2 and 1/2 < α < 1
The arithmetical results needed to prove Theorem 1 are
1. For α rational: the fact that log p are linearly independent over Q. This
is used to prove joint universality for the Dirichlet L-functions, where the
primes comes from taking logarithms of the L-functions.
2. For α transcendental. This is somewhat easier since we do not have to
take the logarithm and it is sufficient to use the fact that log(n + α) are
linearly independent over Q.
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When α is algebraic irrational the problem becomes much harder, since we are
likely to have a lot of linear relations between log(n+α). While we still believe
that Conjecture 1 is true, it is our opinion that some substantially new ideas
are required for a proof.
We should remark that in some related problem the case of α algebraic
irrational has been covered. With respect to the value-distribution of ζ(s, α)
this can be found in [15]. Also Laurincˇikas and Steuding [16] proved that
ζ(s + it, α) admits a limit distribution in the space of analytic functions on
K. However this is much easier to do and do not imply Theorem 1, since we
also have to show that any continuous function on K, analytic in its interior is
contained in this limit distribution.
2 Multiplicative dependence of shifted algebraic num-
bers
We say that a set M ⊂ C is multiplicative dependent (see Dubickas [7]) if
there exists distinct x1, . . . , xn ∈ M and integers k1, . . . , kn not all zero such
that
n∏
j=1
x
kj
j = 1.
If M is not multiplicative dependent we will say that M is multiplicative in-
dependent. Let the natural numbers be defined by N = {n ∈ Z : n ≥ 0}, and
write the set of shifted natural numbers as N+α = {n+α : n ∈ N }. It is clear
that linear dependence is related to multiplicative dependence. In particular
we see that {log(n + α) : n ∈ N } ∪ {2πi} is linearly dependent over Q if and
only if N+α is multiplicative dependent. The reason why we adjoin 2πi to the
set is because for complex number field case the logarithm is not well defined.
When we adjoin 2πi we may choose any branch of the logarithm, for example
the principal part. It is easy to see that N+ α is multiplicative independent if
α is transcendental, since any multiplicative relation
m∏
j=1
(α+ nj)
kj = 1
readily gives us a polynomial with integer coefficents, that has α as a zero.
One of the classical results in the field is the result of Cassels [2], which
asserts that we can find a multiplicative independent set of algebraic irrational
numbers shifted by natural numbers M ⊂ N + α of density 0.51. A different
way to state this is the following:
dim spanQ{n+ α : 0 ≤ n < x} ≥ 0.51x + o(x).
Cassels used this result to show that the Hurwitz zeta function has zeros in
any strip 1 < Re(s) < 1 + δ for any algebraic irrational parameter α. Since
this result was previously proved for transcendental and rational parameters by
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Davenport-Heilbronn [4], this showed that the result was true for any parameter
α. Worley [20] used a variant of Cassels method to prove that 0.51 in Cassels
result may be replaced by 1− 12d+O(d
−3/2), where d is the degree of the number
field. This improves on Cassels bound for large degree d. Drungilas-Dubickas [6]
asked the following question.
Question. Is the set N+α multiplicative dependent for every algebraic number
α?
In [7], Dubickas proved that the question has an affirmative answer for the
case of quadratic number fields. In [6] Drungilas-Dubickas proved the same
result for cubic number fields if the algebraic numbers are shifted by rationals
instead of natural numbers. These results give some evidence that the answer
to the question might be Yes for arbitrary number fields
While Drungilas-Dubickas did not phrase the question as a conjecture in [6],
Kacˇinskaite˙ [13] and Kacˇinskaite˙-Laurincˇikas [12] stated and called the following
conjecture the Dubickas conjecture:
Conjecture 2. There exists some algebraic number α such that N+α is mul-
tiplicative independent.
Thus despite the results of Dubickas for quadratic number fields, the Du-
bickas conjecture is that the answer to Question is No. For such algebraic
numbers α, Kacˇinskaite˙ and Laurincˇikas used standard methods to prove The-
orem 1, Voronin Universality for the Hurwitz zeta-function. At the moment
there are no known values of algebraic irrational numbers where Theorem 1 is
known to hold.
3 The Number field sieve
Mathematicians familiar with the number field sieve might be suspicious of
Conjecture 2. These types of relations are exactly what is used in the number
field sieve in order to factor integers fast. While not proven rigorously the
number field sieve is expected to be fast, and there is quite a lot of computational
evidence. The number field sieve even requires us to find similar relations for
two different polynomials. In particular, in one standard variant of the number
field sieve, see e.g. Pomerance [18], one of the polynomials chosen is exactly
f(n) = α + n. If Conjecture 2 is true, there would exist some integer and
choice of polynomials where the sieving part of the number field sieve would
never finish. While our problem is simpler since just one polynomial is required,
knowledge of the number field sieve gives us good intuition about the problem
at hand.
Similarly to the number field sieve, to find the relations we just consider the
algebraic numbers where α+ n is without large prime factors, and discard the
rest of the numbers. This is what is done in the sieving step of the number field
sieve. Among these remaining numbers we should be able to, and can under
some standard conjectures, find the relations needed to answer our Question.
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4 Smooth numbers
A smooth number is an integer without large prime factors. Dickman [5] proved
that
Ψ(x, y) ∼ ρ(u)x, (x = yu),
where Ψ(x, y) denote the number of positive integers less than x with all prime
factors less than or equal to y. The Dickman-function ρ(u) can be defined for
u ≥ 0 by the initial values ρ(u) = 1 for 0 ≤ u ≤ 1 and by the difference-
differential equation
ρ′(u) = −
ρ(u− 1)
u
,
for u > 1. In particular we see that ρ(u) = 1 − log u for 1 ≤ u ≤ 2. The
problem of determining the number of smooth numbers in various sets have
many application in analytic and computational number theory, especially at
analyzing how fast methods for factorization, such as the Number Field Sieve
are expected to work. Good surveys of this area are for example Baker [1],
Hildebrand-Tenenbaum [9] and Granville [8]. Similarly to prime density esti-
mates we expect that if there is no reason otherwise, we should have the same
density of smooth numbers in polynomial sequences as amongst the natural
numbers. This can be quantified by the following conjecture.
Conjecture 3. Let P ∈ Z[x] be an irreducible polynomial of degree d and let
ΨP (x, y) be the number of integers in the set {P (n) : 1 ≤ n < x} with all prime
factors less or equal to y. Then
ΨP (x, y) ∼ ρ(du)x, (x = y
u).
This is a special case of a more general conjecture for several polynomials of
Martin [17] (see also [8, p 5]). Martin gave numerical evidence supporting this
Conjecture and managed to prove1 it under a quantitative version of Shinzel’s
hypothesisH2 in the limited range y > xd−1+ǫ. Unconditionally, this conjecture
has only been proved for linear polynomials.
For our purposes we will state a weaker conjecture
Conjecture 4. For any non-constant polynomial P ∈ Z[x] we have that
lim sup
x,y≥2
ΨP (x, y) log y
y
=∞.
Theorem 2. Conjecture 3 implies Conjecture 4.
1It was proved unconditionally that it is of the right order of magnitude in this range
by Martin [17]. For the several polynomial case, Dartyge-Martin-Tenenbaum [3] proved the
corresponding result.
2This is a very strong conjecture on prime values of polynomials, currently far outside of
our reach.
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Proof. Choose x = y in Conjecture 3. We see that
ΨP (x, x)
x
≫ ρ(d)≫ 1,
for fixed d by the fact that the Dickman-function ρ(d) > 0 is strictly positive.
Thus we get that
ΨP (x, x) log x
x
≫ log x, and lim sup
x,y≥2
ΨP (x, y) log y
y
=∞.
5 Smooth numbers and the Dubickas conjecture
While Conjecture 2 deals with smoothness of integer values of polynomials, it
is intimately connected with smoothness of the algebraic numbers n + α. We
will let α =
γ
β
where β, γ are co-prime algebraic integers. This allows us to deal
with algebraic integers nβ + γ rather than algebraic numbers n+ α, since
n+ α =
nβ + γ
β
. (1)
The norm of nβ + γ will be
Norm(nβ + γ) = P (n), (2)
for some irreducible polynomial P in Z[x], and if P (n) is smooth and have prime
factors less than or equal to y then for any prime factorization of the algebraic
integer
nβ + γ = uk11 · · · u
kr
r q
n1
k1
. . . qnmkm . (3)
where the norm of a prime element qki is a power of some prime less than or
equal to y. Here qj are non-associated prime elements in the algebraic number
field, u1, . . . , ur are units that generates the group of units and ki, nj are natural
numbers. The study of the group of units is an interesting topic. However, in
our case it will be sufficient to use that it is finitely generated. Except the more
complicated structure of the group of units, the main difference between the
classical integer case and the number field case is that prime factorization is
not neccessarily unique. In our application, this will not be a problem, rather
the opposite, since non uniqueness of prime factorization will only lead to more
relations, rather than fewer.
Theorem 3. Conjecture 4 and thus also Conjecture 3 implies an affirmative
answer to Question and that Conjecture 2 is false.
Proof. Let the algebraic integers β, γ and the polynomial P be defined by Eq.
(1) and Eq. (2) respectively. From the Landau prime ideal theorem for number
fields [14] it follows that the number of prime elements (up to multiplication
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with units) with norm equal to a prime power of a prime less than or equal
to y in a number field, is strictly less than C ylog y for y ≥ 2 and some C > 0
depending on the field. By Conjecture 4 we can choose some sufficiently large
x and y such that
ΨP (x, y) > C
y
log y
+ r + 3, (4)
where r denotes the cardinality of a minimal set of units that generates the
group of units. Consider the vector space V over Q spanned by the set
M = {2πi} ∪ {log(n+ α) : 0 ≤ n < x ∧ P+(P (n)) ≤ y}.
Here P+(m) denote the largest prime factor ofm. It is clear that the cardinality
#M = ΨP (x, y) + δ ≥ ΨP (x, y), (5)
where δ ∈ {0, 1}. Since by Eq. (1) and Eq (3) each element in V can also
be written as a linear combinations of the logarithm of prime elements and
logarithms of the units, log β and 2πi, a set of vectors B that spans a space W
such that V ⊂W can be chosen as
B = {2πi, log β} ∪ {log u1, . . . , log ur, log q1, . . . , log qm}.
Here q1, . . . , qm are the non-associated prime elements with norm a power of
a prime that is less than or equal to y. It is clear that m < C ylog y . The
cardinality of B is hence certainly less than C ylog y + r + 2. Thus we have that
dimQ V ≤ dimQW < C
y
log y + r + 2. Since M ⊂ V by Eqs. (4),(5) contains
more elements than the dimension of V there must exists some nontrivial linear
relation between the elements in M and thus they are linearly dependent over
Q and the set {(n+α) : 0 ≤ n < x : P+(P (n)) < y} ⊂ N+α and also N+α is
multiplicative dependent.
Remark 1. The limited range of y that Martin [17] proved Conjecture 3 under
Shinzel’s hypothesis H, does not help us to prove Theorem 3. Thus even under
this very strong hypothesis, the answer to Question does not follow.
The following corollary is a result of Dubickas [7]. While he used elegant
explicit constructions involving Pell’s equation, we will give a different more
indirect proof and show how his result follows from the theory we developed.
Corollary 1. The answer to Question if α is a quadratic irrational is Yes.
Proof. Dartyge-Martin-Tenenbaum [3, Theorem 1.3] proved a result which for
one quadratic polynomial P and x = y specializes to
ΨP (x, x)≫β
x
(log x)β
, (β > log 4− 1).
Let us choose β = 1/2 which is admissible since 1/2 > log 4 − 1 = 0.386. We
see that
ΨP (x, x) log x
x
≫
√
log x.
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Thus
lim sup
x,y≥2
ΨP (x, y) log y
y
=∞,
and Conjecture 4 is true for the quadratic number field case. Now, by Theorem
3 we know that Conjecture 4 for quadratic polynomials implies an affirmative
answer to Question in the quadratic number field case.
In a similar but simpler way, we can also prove the case of α a rational
number. In fact Conjecture 3 is known to hold for polynomial of degree 1
(see [8]).
6 Quantitative measures of dependence for shifted
algebraic numbers
The same reasoning as in the proof of Theorem 3 will in fact lead to a plausible
conjecture for the dimension of spanQ{log(n+ α) : 0 ≤ n ≤ x}.
Conjecture 5. Let α be an algebraic number of degree d ≥ 2. Then
dim spanQ{log(n+ α), 0 ≤ n < x} ∼ (1− ρ(d))x.
Worley [20] mentioned that a limited amount of computing indicates that
1− ρ(2) is the correct limit for the case when α2+α+1 = 0, and that 1− ρ(3)
is a plausible limit for the case when α3 + α2 + α+ 2 = 0.
Conjecture 5 improves on Cassels and Worley’s results. For example, in the
quadratic number field case Cassels gives a lower bound of 0.51x in Conjecture
5, while Conjecture 5 implies the estimate x log 2 = 0.71x. Similarly for large
degree d known asymptotics for the Dickman-function [8, Eq 1.6] gives us the
lower bound 1 − d−d+o(d) which is certainly better than Worley’s lower bound
1− 12d +O(d
−3/2).
While we do not have an unconditional proof of Conjecture 5 we will how-
ever manage to prove this under Martin’s conjecture, Conjecture 3, and some
assumption on the number field.
Theorem 4. Conjecture 3 implies Conjecture 5, whenever the ring of integral
elements in the number field generated by α is a Unique Factorization Domain.
The number fields studied by Worley have class number one, so their ring of
integers is a Unique Factorization Domain. Thus this result gives some evidence
in favor of the observation of Worley. Theorem 4 is an immediate consequence
of the following Theorem.
Theorem 5. Suppose that for the polynomial P defined by Eq. (2) we have
that
lim inf
x→∞
ΨP (x, x)
x
= B.
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Then
dim spanQ{log(n+ α) : 0 ≤ n < x} ≤ (1−B)x+ o(x).
If furthermore the ring of integers of the number field generated by α is a Unique
Factorization Domain and
lim sup
x→∞
ΨP (x, x)
x
= U,
Then we have the corresponding lower bound
(1− U)x+ o(x) ≤ dim spanQ{log(n+ α) : 0 ≤ n < x}.
Proof. Let the algebraic integers β, γ and the polynomial P be defined by Eq.
(1) and Eq. (2) respectively. In this proof we call an algebraic integer smooth if
all its prime elements that occurs in some factorization (3) have norm a power
of a prime less than or equal to x.
Upper bound: We use the same proof method as we used to prove Theorem
3. By the conditions of the theorem, for any ǫ > 0 and sufficiently large x we
have that
ΨP (x, x) ≥ (B − ǫ)x.
Now there are at most C xlog x number of non-associated prime elements in the
number field with norm a power of some prime less than x, for some C > 0.
By similar reasoning as in the proof of Theorem 3, where we also need to
consider 2πi and log β respectively, this means that dimension of the space
that is spanned by the smooth numbers log(nβ + γ) with 0 ≤ n < x is no
more that C xlogx + r+1, and the dimension of the space that is spanned by the
corresponding numbers log(n+α) with 0 ≤ n < x is no more that C xlog x+r+2.
The rest of the numbers nβ + γ that are not smooth are at most (1−B + ǫ)x.
This gives us the following inequality
dim spanQ{log(n+ α) : 1 ≤ n < x} ≤ (1−B + ǫ)x+
Cx
log x
+ r + 2.
Since ǫ is arbitrarily small this completes the proof of the upper bound.
Lower bound: By the conditions of the Theorem we have for any ǫ > 0 and
sufficiently large x (here it is convenient to assume that |Norm(β)| < x) that
ΨP (x, x) ≤ (U + ǫ)x.
This means that there are at least (1 − U − ǫ)x non-smooth numbers among
the integers P (n) where 0 ≤ n < x and thus also among the algebraic integers
nβ+γ where 0 ≤ n < x. Let us now assume that P (n) has a prime p > x. That
p|P (n) implies that q|(nβ + γ) for some prime element q in the number field of
norm pk. However such a prime element q must divide just one number (nβ+γ)
for 0 ≤ n < x, because if q|(n1β + γ) and q|(n2β + γ) where 0 ≤ n1 < n2 < x
then q|((n2β+γ)−(n1β+γ)) and q|(nβ), where n = n2−n1. This is not possible
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since 1 ≤ n < x ≤ p and 0 < |Norm(β)| < x ≤ p. By unique factorization it
follows that the log qi where qi are non-associated prime elements are linearly
independent over Q and from this it follows that the numbers log(n+α) where
P (n) is non-smooth are linearly independent over Q. The dimension result
follows from the existance of at least (1− U − ǫ)x non-smooth numbers.
7 Remaining problems and remarks
There is one obvious problem
Problem 1. Prove Theorem 4 and 5 without assuming unique factorization.
This seems as an approachable problem. There are many other remaining
problems in the field. For example, there are some results of Hmyrova [10, 11]
that gives upper bound for ΨP (x, y). Unfortunately she just proves non-trivial
results when y is small compared to x, and the region where it is neccessary
to obtain results in order to apply Theorem 5 is when x is the same order
as y. However Timofeev [19]3 has also done some work in this direction, and
eventually it might be possible to prove upper bounds for Ψ(x, y) which by
means of Theorem 5 might give sharper results than Worley’s result for large
degree d.
Also while we are sure that Conjecture 1 and Conjecture 3 should be quite
difficult, it might be that Conjecture 4 is more approachable.
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